Elastic property estimation in thin graphite epoxy composite plates using ultrasonic nondestructive evaluation by Van Otterloo, Douglas L.
Retrospective Theses and Dissertations Iowa State University Capstones, Theses andDissertations
1995
Elastic property estimation in thin graphite epoxy
composite plates using ultrasonic nondestructive
evaluation
Douglas L. Van Otterloo
Iowa State University
Follow this and additional works at: https://lib.dr.iastate.edu/rtd
Part of the Engineering Mechanics Commons
This Thesis is brought to you for free and open access by the Iowa State University Capstones, Theses and Dissertations at Iowa State University Digital
Repository. It has been accepted for inclusion in Retrospective Theses and Dissertations by an authorized administrator of Iowa State University Digital
Repository. For more information, please contact digirep@iastate.edu.
Recommended Citation
Van Otterloo, Douglas L., "Elastic property estimation in thin graphite epoxy composite plates using ultrasonic nondestructive
evaluation" (1995). Retrospective Theses and Dissertations. 260.
https://lib.dr.iastate.edu/rtd/260
Elastic property estimation in thin graphite epoxy composite plates 
using ultrasonic nondestructive evaluation 
by 
Douglas Lee Van Otterloo 
A Thesis Submitted to the 
Graduate Faculty in Partial Fullfillment of the 
Requirements for the Degree of 
MASTER OF SCIENCE 
Department: Aerospace Engineering and Engineering Mechanics 
Major: Engineering Mechanics 
Approved: 
In Charge of Major Work 
For the Major Department 
For the Graduate College 
Iowa State University 
Ames, Iowa 
1995 
ii 
TABLE OF CONTENTS 
CHAPTER 1. INTRODUCTION ................................................................................. 1 
t--' 
1.1 Problem Definition ....................................................................................... 1 
1.2 Scope of Thesis ........................................................................................... 3 
1.3 Thesis Organization .................................................................................... 4 
CHAPTER 2. BACKGROUND ................................................................................... 7 
2.1 Theoretical Developments ........................................................................... 7 
2.2 Previous Experimental Work ....................................................................... 8 
CHAPTER 3. PREPARATION OF SAMPLES ........................................................... 9 
3.1 Composite Plate Fabrication ....................................................................... 9 
3.1.1 Layup Process ................................................................................. 9 
3.1.2 Curing ............................................................................................ 12 
3.2 Cutting ...................................................................................................... 12 
3.2.1 Equipment and Procedure ............................................................. 12 
3.2.2 Accuracy ........................................................................................ 13 
CHAPTER 4. EXPERIMENTAL ULTRASONIC SETUP .......................................... 14 
4. 1 Equipment Used ........................................................................................ 14 
4.2 Alignment of Transducers ......................................................................... 15 
4.3 Data Acquisition ........................................................................................ 15 
4.4 Accuracy of the Angles and Distances ...................................................... 16 
4.5 Minimizing Signal Drift ............................................................................... 17 
-' 
iii 
CHAPTER 5. MECHANICAL TESTING ................................................................. 18 
5.1 Equipment Used ........................................................................................ 18 
5.2 Procedure ................................................................................................. 18 
5.3 Material Characterization .......................................................................... 21 
CHAPTER 6. LEAKY LAMB WAVE THEORY ......................................................... 22 
L .- 6. 1 Lamb Wave Generation and Detection ..................................................... 22 
6.2 Leaky Lamb Wave Solution Derivation ..................................................... 24 
L-
6.3 Dispersion Curves ..................................................................................... 29 
6.4 The Relationship Between Velocity and Elastic Properties ....................... 32 
CHAPTER 7. COMPOSITE LAMINATE CODE ....................................................... 33 
r' 
7.1 Basic Theory ............................................................................................. 33 
7.2 Additions based on Velocity and Elastic Properties Relations .................. 37 
7.3 Accuracy of the Laminate Code Predictions .............................................. 38 
7.4 Theoretical Study of the Effects of Ply Orientation Errors ......................... 41 
CHAPTER 8 VELOCITY PROFILE MEASUREMENTS ......................................... .45 
8.1 Velocity Profiles ......................................................................................... 45 
- 1 8.2 Comparison to Composite Laminate Code Predictions ............................ .47 
c J 
CHAPTER 9. SIMPLEX LEAST SQUARES ERROR MINIMIZATION .................... .49 
9.1 Simplex Method ......................................................................................... 49 
9.2 Estimation Procedure using MATLAB ...................................................... .49 
9.3 Results and Comparison with Mechanical Test Results and Theory ........ 53 
iv 
CHAPTER 10. CONCLUSIONS .............................................................................. 62 
10.1 Summary ................................................................................................. 62 
10.2 Future Work ................................................................................... ~ ........ 53 
BIBLIOGRAPHY ....................................................................................................... 65 
APPENDIX A: SYMMETRIC DISPERSION RELATION SIMPLIFICATION ............ 67 
APPENDIX B: ORTHOTROPIC STIFFNESS MATRIX DERIVATION ..................... 71 
APPENDIX C: COMPOSITE LAMINATE CODE LISTING IN FORTRAN ............... 76 
APPENDIX D: VELOCITY PROFILE MEASUREMENT ACCURACY ..................... 86 
.- ""1 
1 
CHAPTER 1. INTRODUCTION 
1.1 Problem Definition 
The past few decades have seen a steady increase in the use of composite 
materials. First, as non-load bearing structures such as nose cones and control 
surfaces and more recently as primary structure. Composite materials can have 
strength to weight ratios higher than any homogeneous material which makes them 
very attractive structural materials for the aerospace industry. Unfortunately, in 
previous years, the failure and performance of composites was not well understood. 
This eliminated them from use as primary structure. Since the early years of their 
development, composites have become much more reliable and offer higher 
strength to weight ratios than ever before. The use of composite materials is 
expected to increase for many years to come. 
The aerospace industry, in particular, has begun to _use composite materials 
- ) 
as primary load bearing structures in efforts to further reduce structural weight. In 
the new Boeing 777 aircraft, composites have been used as cargo doors, the nose 
cone, ailerons, flaps, other control surfaces and also as cabin floor supports and the 
c ) 
entire tail section. Large weight savings have been realized in the 777 through the 
use of composites. McDonnell Douglas has also begun to use large amounts of 
- J 
composites. Current plans for the MD-BWB specrty that 39% of the structural 
weight of the aircraft will be composite components. 
2 
The military aircraft market is also using composites to make their aircraft 
faster, quicker and more maneuverable. These aircraft use composites for more 
t - components than commercial and private aircraft because weight and 
maneuverability are their most critical design criteria. Cost and ease of 
manufacturing are much less of a factor. The new Lockheed Martin F-22 in Fig. 1.1 
for example, use composites extensively. Lockheed Martin has made the move 
towards very extensive use of composites and is currently dealing with serious 
composite quality concerns in the manufacturing of the F-22 advanced tactical 
fighter. 
Figure 1.1 The current version of the F-22 Advanced Tactical Fighter 
.:_..., 
~· .;J' 
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In a recent conversation, Mr. Jim Mull, Manager of Quality Technology for 
Lockheed Martin, also stated a future concern in the area of aging composites. 
Composites have been used for many years now, and no one really knows how well 
composites are holding up against the wide range of conditions that the aerospace 
industry must deal with. In addition, as composites are used more and more, there 
becomes a greater and greater need for inspecting these materials for damage and 
potential problems. 
Air travel is currently safer than driving your car around town, but we all know 
what happens when an important structural component fails. Recent failures 
include the Aloha Airlines disaster where a door blew out completely and United 
Flight 232 which crash landed in Sioux City, Iowa in 1989. In each of these cases, 
improper inspection or the lack of a suitable technique for inspection led to the 
failure. The response to the Flight 232 crash was the Engine Titanium Consortium 
whose purpose is to study and improve the quality of titanium used in aircraft 
engines. The Aloha Airlines incident prompted the formation of the Center for 
Aviation Systems Reliability at Iowa State University. This thesis is part of an on-
going effort to study the inverse problem in composite materials to find useful 
inspection techniques and make them available to composite materials users. 
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1.2 Scope of Thesis 
This thesis will examine and evaluate a solution to the inverse problem using 
leaky Lamb waves. The solution is an estimation of the in-plane elastic properties, 
E1 and v,2, in thin composite plates similar to those often used in the aerospace 
industry. A few simplifying assumptions about the materials used and the 
interaction of Lamb waves with the plates have been made. These assumption are 
well documented in past work and have been accepted by the nondestructive 
evaluation and composites communities. Suggestion for continuation and other 
work are also proposed. 
1.3 Thesis Organization 
Chapter 2 provides a brief history of the development of the theory for leaky 
Lamb waves and touches on previous work in this area. The researchers listed in 
this chapter have contributed greatly to the use of ultrasonics for the inspection of 
composite materials. 
In chapter 3, the presentation of this work begins with the preparation and 
curing of the composite samples. The cutting process and selection of the angles to 
study is then analyzed to complete the description of the samples that were tested 
ultrasonically and mechanically. 
Chapter 4 describes in detail the ultrasonic inspection setup and procedure 
used to measure the Lamb wave velocities in each of the composite samples. The 
5 
system used was very simple and could be implemented by anyone wishing to study 
this method. Accuracy of the measurements and distance increments is also 
discussed for completeness. 
Chapter 5 outlines the procedure and equipment used in the mechanical 
testing segment of this work. Standard testing equipment and procedures were 
used with good success. Material characterization results are also discussed as a 
background to the theoretical work which follows. 
In chapter 6 the generation of Lamb waves is discussed, followed by an in 
depth solution of the leaky Lamb wave problem. Dispersion curves are studied to 
insure that the necessary assumptions are not being violated because of dispersive 
affects. This work was tailored to take advantage of a non-dispersive area on the 
dispersion curves, and this chapter justifies the technique used. This chapter also 
relies on the simplification of the dispersion relation. This simplification is 
presented in Appendix A and yields a low frequency relationship between the elastic 
properties of an anisotropic material and the velocity of Lamb waves traveling in the 
plate. 
Composite laminate theory is a mathematical approximation which calculates 
the elastic properties of a laminate, given the material used and the stacking 
sequence of the plies. Chapter 7 presents the basics of composite laminate theory 
and extends it to include the calculation of velocity profiles for comparison with 
experimental values found in chapter 8. Chapter 8 presents the data taken, 
6 
discusses expected laminate properties, and makes comparisons between 
theoretical and experimental results. 
Chapter 9 describes the simplex search method for minimizing a given 
function and how it has been applied to elastic property estimation. Limited sample 
size forced the use of a few assumptions, they are described and justified in 
Chapter 9. Finally, comparisons are made with mechanical test results. 
Chapter 10 wraps up this thesis with a summary of the results and findings of 
this effort. Future work is identified, including a method to prevent the estimation 
procedure from drifting away from the correct solution under certain circumstances. 
- j 
' 
- ;; 
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CHAPTER2. BACKGROUND 
This chapter acknowledges the work done by the men who brought us the 
understanding we now have. As Sir Isaac Newton said, "If I have seen further, it is 
by standing on the shoulders of giants". 
2.1 Theoretical Developments 
The history of Lamb waves began in 1917 with Professor Horace Lamb's 
paper "On Waves in an Elastic Plate" [1]. Lamb's discovery was the governing 
equations for plate waves with traction free boundary conditions. The equations 
were so complex that the equations were not solved in general, until 1950 by 
Mindilin [2]. Later, Viktorov [3] dealt with the solution of Lamb waves in great detail. 
Over the years many have tried to solve the lamb waves problem for a plate 
immersed in a fluid. The waves produced in this problem are called Leaky Lamb 
Waves for the way in which energy is constantly leaked from the plate and into the 
surrounding fluid. In 1952 Schoch [4] derived a set of governing equation for leaky 
Lamb waves. The derivation, however, assumed that the density of the fluid was 
large in comparison to the plate. This is not always the case and a general solution 
was still needed. 
The general solution for leaky lamb waves remained unknown until 1989 with 
the publishing of "Leaky Lamb waves in anisotropic plate, 1: an exact solution and 
r:-
r: J 
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experiments" [6] by Dayal and Kinra. This was the first truly general solution for 
Leaky Lamb waves and it is the basis for the work presented here. 
2.2 Previous Experimental Work 
Techniques developed and tested include a through the thickness method [7] 
using longitudinal waves and methods which carefully tracks angle of incidence of 
the incident beam [8] and searches for the null zone in the leaky lamb wave signals. 
Other models using Lamb waves include a shear lag [9] model, a variational method 
· [1 0] based on the principle of minimum complementary energy and others. 
The work most relevant here is that of Dayal [11] which solves the inverse 
problem by estimating the elastic properties through the use of leaky Lamb waves 
velocity measurements in an immersed plate. The velocity is related to Young's 
modulus and Poisson's ratio values provided by composite laminate theory using a 
simplified form of the symmetrical dispersion relation. Good results were found and 
this thesis is the continuation of that study. 
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CHAPTER 3. PREPARATION OF SAMPLES 
Although this is not a study of the methods of fabricating and cutting 
composite samples it is important here to present all of the factors that came into 
play in this research. A proper procedure must be followed to insure that the plate 
samples are reasonably uniform throughout or badly randomized data will result. 
Also, if the samples are cut at seriously misaligned angles, the results will also be 
less meaningful. The two sections below describe in detail the procedures used for 
the current work. 
3.1 Composite Plate Fabrication 
There are many different kinds of composites and there are many different 
ways to fabricate composites. Some may produce stronger and more uniform 
materials but the procedure below is a standard procedure that has proven effective 
in past use. The material used here was graphite/epoxy prepreg cured in a 
autoclave at high temperature and under pressure. All fabrication was completed in 
room 042 Town Engineering Building. 
3.1.1 Layup Process 
The composite materials world has adopted a stacking sequence labeling 
convention which is illustrated in Fig. 3.1. For this work six 6 inch by 12 inch plates 
were made. The stacking sequences for these plates are shown in Fig. 3.2. 
10 
0 0 
0 45 
45 90 
45 90 
u _j 90 45 
90 0 
[0,45,90]s 
Figure 3.1 Stacking sequence examples 
0 
90 
0 
90 
0 0 
90 +45 
90 -45 
0 90 
90 90 
0 -45 
90 +45 
0 0 
[(0,90)3]s and [0,+45,-45,90]s 
- -
~ 0 
Fig. 3.2 Stacking sequences used for testing in this thesis 
The first step of the layup process was to cut 6 inch by 12 inch sections of 
= :J the prepreg material from the original roll. Then a flat aluminum plate was covered 
with a release ply and the prepreg material was stacked one by one onto the 
aluminum plate. The plate was heated slightly before putting on the first ply to keep 
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it from acting as a heat sink through the early parts of the layup. The heat was also 
necessary to make the epoxy tacky during the layup process. Heat was applied 
after each ply is placed on the stack and a roller was used to compress the plies 
together and eliminate air bubbles 
After the stacking sequence was complete, an air dam was put around the 
plate using sealant tape. Next, a release ply, a bleeder cloth and a breather cloth 
was placed over the layup as shown in Fig. 3:3. Lastly, a vacuum film was placed 
"" 
over the entire assembly and the curing process was begun. 
Lower V acuwn Ply 
Upper Vacuwn Ply 
Bleeder Cloth Composite Layup 
--
Aluminwn Plate 
Figure 3.3 Composite layup with vacuum bagging ready for cure 
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3.1.2 Curing 
For graphite/epoxy curing, high pressure and temperature is needed. Both 
were provided by an autoclave. Pressure was applied to the vacuum bag by 95 psi 
of air pressure inside the autoclave and also by a vacuum pump which pulled out all 
of the air trapped under the vacuum ply. The vacuum and pressure was held on the 
layup throughout the entire cure process. The autoclave controls were set to hold a 
temperature of 375 degrees Fahrenheit for 5 hours. After the 5 hour cure and a 
gradual cool down the composite plate was removed and was ready for testing. 
3.2 Cutting 
The following sections describe the equipment used to cut each of the plates 
into 6 different 1 X6 inch samples at angles of 0, 1 0, 20, 25, 35 and 45 degrees. 
The cutting was necessary to prepare samples for mechanical testing with strain 
gauges and was done after the ultrasonic data was recorded. Accuracy of the 
procedure is also discussed. 
3.2.1 Equipment and Procedure 
In order to get accurately cut samples a 6 by 12 inch template was made out 
of thick construction paper. The template was very carefully drawn to fit angles of 0, 
10, 20, 25, 35, and 45 degrees inside each 6 X 12 inch plate. The plate size limited 
the number of varying angle samples to six. Therefore the above angles were 
chosen since the materials properties of cross-ply laminates changes most rapidly 
13 
in the area between 10 and 35 degrees. The areas near 0 and 90 degree were 
considered slightly less important. Each of the plates was marked using the 
template. 
The tool used for cutting was an industrial grinder in room 0064 Black 
Engineering building. It had hand crank which controlled a translating magnetic 
platform. A piece of Plexiglas was bonded to a piece of steel and then the magnetic 
platform held the steel and Plexiglas in place. The plates were taped to the 
Plexiglas surface with double sided tape and the cuts were made. After a very short 
period of adjustment the process became easy to do accurately. 
3.2.2 Accuracy 
The platform to which the plates were taped moved in a straight line and the 
plates were not removed from the platform between parallel cuts. This insured that 
all of the samples would have parallel sides. Angular accuracy was also good 
(~ 1 degree error) since the blade could be raised and lowered to slide just above 
the cut lines on the plate. Adjustments were made until the blade was tracking the 
' .) line accurately. The cutting accuracy was most likely better than the accuracy of 
the angles in the layup stage so the error here is most likely negligible. 
L.: j 
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CHAPTER 4. EXPERIMENTAL ULTRASONIC SETUP 
4.1 Equipment Used 
The setup used was a very simple one consisting of two standard mechanical 
scanning bridge mounted on a single immersion tank. Each bridge held a 
transducer and goniometer for angle control. The receiving transducer was fixed in 
place while the transmitter was moved back and forth over the plates. The angles 
of rotation were also incremented manually using the turntable as shown in Fig. 4.1. 
Figure 4.1 Ultrasonic setup for velocity measurements 
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Other equipment used includes the Panametrics 5052PR pulsar/receiver, a 
0.5 MHz, 1.5 inch diameter receive transducer and a 0.5 MHz 1.0 inch diameter 
transducer for transmitting the signals. The receiver was a focused transducer. 
This insured that our measurement was over a small region of the laminate and not 
averaged over a wide area. 
r -, 
4.2 Alignment of Transducers 
The angle of incidence of the beam was approximately 17 degrees while the 
receiver was set at about 25 degrees. These angle were set by starting out at two 
angles that about looked right and then maximizing the received signals. This also 
involved making sure the two separate bridges had been lined up along the desired 
propagation path and rotating the goniometers to make sure the transmitter and 
'- ~: 
receiver were aimed directly at each other. This method may not seem very 
scientific but it has been shown [6] that this method is an adequate means of 
aligning the transducers 
4.3 Data Acquisition 
Propagation times were recorded manually at two points spaced at a distance of 
one quarter of an inch. The times were found by following the largest positive peak 
r: j 
- -;; in the received leaky Lamb wave signal using the time cursor on the Lecroy 9400A 
oscilloscope. An example of the signals measured for this work is shown in Figure 
16 
Sample Waveform 
0.04 
0.03 
0.02 
(1,) 0.01 
en 
J!1 0.00 
0 
> -0.01 
-0.02 
-0.03 
-0.04 
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 
Time,usec 
Figure 4.2 Sample Ultrasonic Waveform 
Figure 4.2. The display setting used for data acquisition was 0.5 microseconds per 
division and measurement were recorded to an accuracy of 0.001 microseconds. 
4.4 Accuracy of the Angles and Distances 
The angle and distance increments used were very accurately measured. 
The turntable had a motor with a handle to rotate the turntable manually. The 
rotation rate was 20 degrees for every rotation of the handle. Four marks were 
-
- -::r 
made on the handle at equidistant points and used with another marker to rotate the 
turntable and samples at 5 degree increments. Errors were hard to make since the 
n 
~--
._ -~ 
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motor had definite points in its rotation were it wanted to sit. The marker was set 
while the motor was at one of these points and each of the 5 degree increments was 
at one of these points as well. One step in either direction was more than enough 
to notice the error and correct it. Heavy weights were also used to keep the plates 
help solidly in place as the turntable moved. Once again, the error in the angles 
here will be negligible in comparison to those in the layup process. 
The one quarter of an inch used as the distance increment was manually 
controlled by a motor handle which moved the transmitter bridge one half of an inch 
per rotation. Similar to that done above, two marks were made on the handle and a 
second marker was used as a reference. Once again the motor assisted in making 
the distances accurate each time. The error for the procedure is negligible. 
4.5 Minimizing Signal Drift 
In one of the early data sets recorded, a signal drift was observed. Over a 
period of ten minutes a signal could drift as much as half a microsecond. This is not 
a very fast movement but it did make a difference of about 10% in velocity for a few 
cases. The drift was never completely eliminated but it was minimized by keeping 
the electronics warm and by taking the data points for each angle within about 5 to 
10 seconds of each other. Any drift, if there is any at all, was not noticeable. 
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CHAPTER 5. MECHANICAL TESTING 
In nearly all nondestructive evaluation applications a series of destructive 
test is required to validate the procedure. The use of Lamb waves to estimate 
elastic properties is no exception. This section describes the procedure and 
equipment used to generate the necessary mechanical testing data. 
t. . ..: 
5.1 Equipment Used 
After the specimens had been cut into the 1 by 6 inch tensile test samples, 
strain gauges were applied. The gauges used were standard -45, 0, +45 rosettes. 
The gauges were mounted to provide strain information in the x and y directions 
from the same gauge. End tabs were also used as shown in Fig. 5.1. The end tabs 
were necessary to prevent the test samples from being crushed and slipping in the 
grips. 
5.2 Procedure 
The samples were placed in the Aerospace Engineering MTS mechanical 
testing system and tested at a strain rate of 1 mm per minute (ASTM standard) to 
failure. The ASTM standard called for slightly longer samples but the samples used 
were adequate. Data was recorded by a PC and stored for analysis. 
19 
z 
Figure 5.1 Tensile test sample with end tabs and applied load P 
A few experimental data points were lost due to unfortunate errors. The 
instrumentation on the MTS is very sensitive and a small bump can and did result in 
the loss of a test sample. The PC also crushed a sample by a sudden and 
unexplained rise of the lower head. In addition, a few strain gauges gave bad data 
for the strain in the y direction. The reason for this is not known since the samples 
were all destroyed before the data was analyzed. The results are presented in Figs. 
r ' 
9.3 through 9.8 
Lastly, the data was analyzed for Young's modulus and Poisson's ratio. The 
stress-strain curves displayed the expected trends. Young's modulus was 
,.._ ~ calculated using a form of the secant modulus. Young's modulus was calculated at 
- ~ 
the point where a linear least squares curve fit of the data (before the elastic limit) 
20 
crossed the data curve. This is shown in Fig. 5.2, though none of the samples used 
here were as curved as the exaggerated data curve. Poisson's ratio was calculated 
IPI 
at the same data point as Young's modulus. Also, the properties were calculated 
rr : using the difference of the end point chosen and the initial data point. This 
corrected for a small offset that was present in almost every data set. 
L -
£·~ 
~~ 
F _,. 
m 
a.. 
C) 
~ J 
.... 
0 
' -
'"'"1 
- -
- ' 
Figure 5.2 Secant modulus calculation for slightly non-linear materials 
- ~ 
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5.2 Material Characterization 
The procedures and equipment listed above were also used to characterize 
the composite material used. A uniaxial laminate was made and cut as prescribed 
by the ASTM standard, strain gauges were applied and the pieces were taken to 
failure. Young's modulus and Poisson's ratio were calculated for 5 separate pieces 
and then a statistical analysis was performed. The results gave a Young's modulus 
in the axial direction of 178.4 GPa with a standard deviation of 7.81 GPa (4.4%). 
Poisson's ratio was more erratic as expected. The average was 0.24 with a 
standard deviation of 0.073 (30%). These results were extremely close to published 
values [15]. The published values were used in this work since only two of the four 
elastic properties were easily characterized. The elastic properties are listed in 
Eqn. 7.2 as a stiffness matrix. 
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CHAPTER 6. LEAKY LAMB WAVE THEORY 
6.1 Leaky Lamb Wave Generation and Detection 
The Lamb wave solution can be solved using either Lamb's method of 
potentials [1] or the method of partial waves used by Achenbach [13]. This 
discussion considers the method of partial waves with the recent additions made by 
Dayal and Kinra [6] which allow the exact solution of the leaky Lamb wave problem 
in a submerged anisotropic plate. 
Leaky Lamb waves are introduced into a plate through the oblique incidence 
of a normal longitudinal ultrasonic beam propagating through water. Fig. 6.1 shows 
the process which results in Lamb waves. The incident wave (in water) produces a 
shear wave and a longitudinal waves as it passes through the surface. These two 
waves run into the second surface where mode conversions again takes place, and 
so on. Lamb waves are produced when these harmonic waves combine in a steady 
state to form a standing wave across the plate thickness and a traveling wave in the 
plane of the plate. The key feature of Fig. 6.1 is the constant transmission (at a 
large enough distance) of ultrasonic energy back into the surrounding water bath. 
The energy leaked is due to the nearly vertical motion of the plate surface produced 
by the standing wave. It is not the transmission of energy through the surface of the 
plate as Fig. 6.1 may appear to show. The signals are quite strong and can easily 
be detected using good transducers and an oscilloscope. The Leaky Lamb waves 
23 
I I I \ Incident Wave 
2d 
Figure 6.1 Generation of leaky Lamb waves in a immersed plate. Each reflection 
produces a longitudinal (solid line) and a transverse wave (dashed line) 
through mode conversion. 
are the signals which have been utilized to estimate the material properties of the 
samples. 
The Lamb wave is dependent on the thickness of the plate since a standing 
wave must form. This fact makes the Leaky Lamb wave an ideal choice for this 
work. Leaky Lamb waves are dependent on the in-plane elastic properties and 
therefore should be useful in estimating them. As in the study of light or 
electromagnetic waves using Fourier Series to solve partial differential equations, 
there are many possible solutions which will satisfy the necessary conditions. For 
this study the first symmetric mode was used exclusively so only the primary mode 
·.._:.: 
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will be considered. Fig. 6.2 shows the primary symmetric mode of Lamb (plate) 
waves. Notice that in the basic symmetric mode the wave travels as a plane fronted 
wave at low frequency. This comes close to approximating a unidirectional test of 
the material. 
Figure 6.2 The Lamb wave primary symmetric mode as a plane fronted wave at low 
frequency. 
6.2 Leaky Lamb Wave Solution Derivation 
In the derivation of a Lamb wave solution in an anisotropic symmetric 
material the properties of the material must first be considered. For any 
symmetrical composite laminate the stress-strain relation can be written as 
25 
a 11 C11 c1z c13 0 0 c1s E11 
(J22 C21 C22 c23 0 0 c2s E22 
(J33 C31 C32 c33 0 0 C3s E33 
= (6.3) (J23 0 0 0 2C 44 c45 0 E23 
(J13 0 0 0 c54 2C 55 0 E13 
(J12 cs1 Cs2 c63 0 0 Css E12 
The strain displacement relation can be written as 
(U1J +U··) E.. = · J,l for i J. = 1 2 3 
IJ 2 ' ' ' ' (6.4) 
The equation of motion in an elastic medium is 
(6~5) 
A plane wave traveling in an arbitrary direction x may be written as 
.. 
U = U0 exp[i(k • x) - rot)], (6.6) 
where U is the displacement vector, Uo its amplitude, k it's wavenumber vector and 
p is the density of the medium. 
For a plane wave with displacements in the x and z directions only, the 
displacement components can be written from Eq. (6.6) above as 
(6.7) 
(6.8) 
where U1o and U3o are the wave amplitudes. 
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Under the assumption of a plane strain condition the displacement U2 and all 
derivatives with respect to y will be zero. Substituting Eqs. (6.3) and (6.4) into Eq. 
(6.5) gives 
.. 
pU1 = c11u1.11 + c13u3.31 + C55(U1.33 +U3,13), (6.9) 
.. 
pU3 = C33U333 +C13U11J +Css(U113 +U311). 
J I I t 
(6.10) 
Substituting Eqs. (6.9) and (6.10) into Eqs. (6.7) and (6.8) we get 
Let us define R as 
(6.13} 
Eliminating U10 and U30 from Eqs. (6.11) and (6.12} we get a relation between 
the kx, kz and the elastic constants as 
kz 2 = ~ [ -8 ± )82 - 40] (6.14) 
where 
C33 (C11 _ ro:J _ C13 2C55 + C13 _ C55ro 2 
8 = p p kx P P P 
c33c55 
(6.15) 
p2 
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and 
(6.16) 
Define kzp and kzm as the two values of kz obtained from Eq. (6.14) with+ or-
signs. Similarly, define Rp and Rm to be the values of R when k is kzp and kzm 
respectively in Eq. (6.13). 
The two possible wave displacement equations are: 
U1 = exp[i(k X- rot)] , {
Mexp(ikzpz) +Nexp(-ikzpz) } 
x +P exp(ik zmZ) + Q exp( -ikzmz) (6.17) 
and 
(6.18) 
where M, N, P, Q are arbitrary constants. 
The equations so far have been for bulk waves in an unbounded medium. 
We have a plate in which these bulk waves must add up to give the plate wave 
solution subject to the proper boundary conditions. Since the plate is immersed in 
water we must consider the boundary conditions for two fluid-solid interfaces. 
Consider a plate with thickness 2d and direction references as those shown in Fig. 
6. 1. Fluids cannot sustain shear stress but they can support normal stresses. 
Therefore at the top and bottom surfaces of the plate 
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~---~ (6.19) 
(6.20) 
~ 
)..:_ --
Also, the displacements at the surface must also be continuous therefore 
L_ 
Using some algebra, applying the boundary conditions above and satisfying 
the equation of motion, 
(6.21) 
· in the fluid where 
(6.22) 
it can be shown [6] that for the symmetric mode 
and for the antisymmetric mode 
L _;) 
Equations (6.23) and (6.24) are the dispersion equation for Leaky Lamb waves. 
,.-;· ' 
The previously undefined variables are: 
Gp =C33 kzpRp + C13kx 
HP ::::: kzp + kxRp 
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GP =C33 kzmRm + C13kx 
Hm = kzm +kxRm 
PL = density of the liquid. 
6.3 Dispersion Curves 
A dispersive medium is one where the velocity of a particular wave is 
dependent on the frequency of that wave. Lamb waves, in general, are dispersive 
since they depend on the formation of a standing wave across the thickness of 
waveguides. Dispersion in a submerged plate in a very complex realtion as seen 
above. The following discussion describes the area on the dispersion curves which 
made this work possible. 
The physical background for dispersion has been presented in section 6.2 
and resulted in Eqs. (G.23) and (6.24) above. These relations are very difficult to 
understand since the solutions are complex in nature. In an effort to help 
understand the variations of velocity with frequency and plate thickness, dispersion 
curves are plotted. Fig. 6.3 through 6.6 are dispersion curves calculated using a 
the two step numerical searching procedure implemented by Dayal and Kinra [6]. 
The x axis represents the product of frequency of the excitation and half 
thickness (fd) of the plate and the y axis is the velocity of Leaky Lamb waves in the 
plates tested in this study. Two distinct sets of data are presented in Figs 6.3 
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through 6.5. Fig. 6.3 is the dispersion curves for a [0,+45,-45,90]8 laminate aligned 
along the x axis which (0 degrees). Notice that only one plot has been provided 
since composite laminate theory predicts constant properties at all angles of 
rotation. Fig 6.4 and 6.5 are plots of the dispersion relations for a [(0,90)3]s 
laminate at angles of 0 and 45 degrees respectively. Also, symmetric and anti-
symmetric modes have been plotted here to provide the complete picture. This 
study has been limited to the first symmetric mode which is labeled as so in all of the 
plots. 
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The curves show how the velocity changes quickly in some places and 
gradually in others. For this work the first symmetric mode was chosen for its flat 
dispersion curve at relatively low frequencies and thickness. The plots show that in 
order to prevent dispersion from occurring we must use a frequency of a 
approximately 0.5 MHz. The samples were reasonably uniform and a 0.5 MHz 
transducer was used to avoid dispersion. This procedure has been used with good 
('J" ., 
success in the past [11] and was also successful here. 
6.4 The Relationship Between Velocity and Material Properties 
It has been shown in appendix A that if the wave number k becomes very 
small then 
(6.25) 
" ) 
This equation provides a relation between the Lamb wave velocity and the in plane 
elastic properties. Density and velocity can be measured, leaving the 3 unknown 
elastic properties to be estimated using the composite laminate code and error 
'· :J 
minimization. 
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CHAPTER 7. COMPOSITE LAMINATE CODE 
The task now is to find a suitable initial prediction for the elastic properties of 
the test specimen, which in this case is a thin composite laminate. An exad 
solution is not necessary, but a prediction within 10% of the corred values would 
make an excellent starting point. Composite laminate theory [15] is approximately 
this accurate and was an ideal choice. 
7.1 Basic Theory 
Composite laminate theory consists of applying stress and strain 
transformations to single plies of uniaxial composite materials in stacking sequence. 
The stiffness modulus of the laminate in a chosen diredion is then the weighted 
average of stiffness' of all of the plies in that direction. 
The compliance matrix, Q, of a single uniaxial composite ply is simply 
(7.1) 
where 
and Ex. Ey are the Young's modulus' in the x and y directions r~spectively 
Es is the longitudinal shear modulus and vy is the inplane Poisson's Ratio 
, ... 'l', 
r _, 
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As mentioned in chapter 5, the prepreg material used here was characterized 
by ASTM standards. The resulting Q matrix for the T300/5208 graphite/epoxy 
prepreg material used is 
[
181.8 
Q = 2.~97 
2.897 
10.34 
0 
~ ]GPa 
7.17 
(7.2) 
Stress and strain transformations must be carried out to find the stiffness of 
each single ply for its particular orientation. The process is similar to the process 
used to find off axis normal and shear stresses on any chosen shear plane. The 
stress transformation can be derived from the balance of forces which is outline in 
Tsai and Hahn [15]. The stress and strain transformation in matrix form is 
(7.3) 
and 
(7.4) 
where 
m = Cos(O) and n = Sin{O) 
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We can rearrange Eqn. (7.3) as 
Then substituting Eqs. (7.5) and (7.4) into Eqn. (7.1) we get 
(7.6) 
This work is restricted to symmetric laminates, which means that 
1. e(z) = 9(-z) Ply orientation is symmetric with respect to the 
midplane. The top ply must oriented exactly as the bottom ply. As 
should all the other plies as we work our way in from the outside 
plies. 
2. Qii (z) = Qii (-z). The compliance of the laminate is the identical at 
equal distance above and below the midplane. 
Simplifying assumptions for the laminate analysis are; 
1. The strain remains constant across the laminate thickness. For thin 
laminates this assumption works well. 
2. Stresses will not be constant across the thickness due to the 
difference in stiffness through the thickness. 
Since the stress distribution across the thickness of a multidirectional 
laminate is not constant we will define an average stress across the thickness as 
36 
jJ (7.7) 
(7.8) 
and where h is the laminate thickness (7. 9) 
c--
Using a1 as an example the derivation of the [A] matrix will be shown. 
Rewriting Eqn. (7. 7) we find 
(7.10) 
Since the strains are assumed constant across the thickness of the laminate 
we can write Eqn. (7.10) as 
or 
Similarly, 
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r'· where 
A11 = j 011dz, A22 = j Q22dz, A12 = A21· 
A12 = j 012dz, Aaa= J Q66dz, A1e = Aa1• 
A1e = j 01adz, A2e= J 02adz, A2e = Aa2· 
where Ai is the equivalent modulus for a multidirectional laminate. If we now invert 
the Ai matrix to obtain aii we can use the following relations to get the elastic 
properties of the laminate. 
and 
7.2 Laminate Code Predictions of Leaky Lamb Wave Velocity Profiles 
This section describes the use of laminate theory in the ordinary calculation 
of wave speed from the elastic properties of a plate. The velocities calculated in 
this section are used only for comparison with experimental results and to assess 
the presence of ply orientation errors in the layup. 
The elastic properties stated in Eqn. (7.2) are for a coordinate system where 
direction 1 is in the 0 degree ply direction and 2 is perpendicular to it. To compare 
with experimental work, the stiffness at various angles with respect to direction 1 
was calculated using a simple rotation procedure as mentioned above. Velocities 
were calculated using the relation 
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(7.11) 
Fig. 7.1 through Fig. 7.4 show the theoretical elastic properties of the two plates 
which were used in this work. 
Eqn. (7 .11) was used with the laminate code to predict the velocity profiles of 
the laminates studied. This has been included in chapter 8 where comparison with 
c - experimental data is also made. The theory is much more well behaved than any 
experimental data, but the plots present an interesting look at the relationship 
_between the material properties and velocity. Good comparisons between theory 
and experimental values are also found. 
7.3 Accuracy of Composite Laminate Code and Elastic Property Predictions 
As noted above, the composite laminate code is not an exact solution. 
Assumptions have been made which make the analysis easier to perform. Typically 
accuracy's are within 10% of actual values. In some cases accuracy's can be very 
good but the accuracy also is dependent on one important factor. Is the data input 
to the program accurate? If the program is given bad data it is already limited by 
the user. To prevent this the material was carefully characterized as presented 
C J earlier. 
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7.4 Theoretical Study of the Effects of Ply Orientation Errors 
Discrepancies between experimental and theoretical results suggested that 
an error was present somewhere. Ply orientation errors are a likely source so the 
single direction algorithm above was once again modified to fit a specific purpose. 
In this case the code was run to calculate the elastic properties and the Leaky Lamb 
wave velocity with nonrandom errors ranging to +/- 10 degrees of error for each ply. 
Each line in Figs. 7.4 through 7.6 represents one specific nonrandom orientation 
error. Symmetry was maintained and an equal number of plies were at positive and 
negative error orientations. 
Figures 7.5, 7.6 and 7.7 are the results of this theoretical experiment for the 
[(0,90)3]s laminate. The results are very interesting but did not point towards a 
source of error. As the ply orientation errors in the model increase, the theoretical 
prediction becomes less accurate. To see this compare Fig. 7.7 to Fig. 8.1 where 
experimental results and the zero error prediction for wave speed are shown 
together. As the error increases, the wave speed decreases slightly at 0 degrees 
but increases significantly at 45 degrees. With increasing error, the curves in Fig. 
7.7 become less and less similar in shape and magnitudes. Therefore, ply errors 
were believed to be negligible in the layup process. 
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CHAPTER 8 VELOCITY PROFILE MEASUREMENTS 
The data presented below is the final piece of information required before 
solving the inverse problem for the elastic properties of a composite plate. The first 
section (8.1) presents the experimental velocities and section 8.2 compares the 
data to the laminate theory predictions. 
Density was a measurable quantity required for the theoretical prediction of 
velocity. A sample from each plate was weighed and measured. From the samples 
an average density was recorded as 1.484 glee. A value of 1.5 glee was used in all 
theoretical calculation since it more appropriately states the accuracy of the 
measurement. 
8.1 Velocity Profiles 
The experimental data was collected as outlined in Chapter 4. All leaky 
Lamb wave data presented in this thesis was taken in a single session without 
stopping or changing any factor of the experiment other than the sample being 
tested. The data presented here was the third attempt at collecting the required 
information due to inconsistencies and a few mistakes in the earlier attempts. A 
great deal was learned in the earlier attempts and helped to make the final data 
collection as accurate as possible. Figs. 8.1 and 8.2 are the results plotted with the 
laminate theory calculation included. 
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8.2 Comparison to Composite Laminate Code Predictions 
Comparisons with theory were very easy to make. As Figs. 8.1 and 8.2 
show, the experimental data and the theoretical curve are very similar for each 
particular laminate. The [(0,90)3]s show the expected trends and the velocity 
profiles do look deceptively like the patterns in Fig. 7.7. As stated earlier, a close 
look will show that ply errors is probably not the source of the small differences in 
Fig. 8.1. 
One possible source of error is the 2 dimensional composite laminate model 
we are using. The plates are thin, but assumptions have been made. Also, we 
have assumed a homogeneous anisotropic material to propagate through. In 
reality, the fiber and matrix are interacting with the waves as they travel and may 
have an affect we do not yet understand. In spite of these assumptions, the match 
between theory and experiment is a very good one. 
In Fig. 8.2, the [0,+45,-45,90]8 laminate's velocity is shown. This case is not 
as interesting to look at. Theoretically, the elastic properties of this quasi-isotropic 
plate do not change. Therefore the laminate theory velocity does not show any 
changes. This has been shown to be incorrect since this quasi-isotropic laminate is 
not truly isotropic. The values do remain within approximately 10% of the 
experimental values, however. The random variation of the experimental data may 
be masking this feature in the experimental velocities. The velocity and E1 should 
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decrease between the ply orientations that are present. In this case, a decrease in 
velocity would be expected at 22.5 degrees, 67.5 degrees, and so on. 
In section 9.3 this topic is also discussed. Figs. 9.5 through 9.7 show a 
decrease in Young's modulus in both the mechanical testing and the estimated 
values. This in spite of the fact that the experimental velocities changed very little if 
at all. The estimated values were generated using ultrasonic data and a least 
squares minimization routine which is described in the following section. 
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CHAPTER 9. SIMPLEX LEAST SQUARES ERROR MINIMIZATION 
There are many minimization routines available in books and software 
libraries that can be used. For this work an even simpler solution was used. The 
mathematics package MA TLAB has a function called fmins which uses a Simplex 
search routine to minimize the input function. The following sections briefly 
discusses the simplex search method, walks the reader through a sample 
minimization using MATLAB and then compares the results with mechanical test 
results and theory. 
9.1 Simplex Method 
All general purpose nonlinear algorithms currently available have one 
inconvenient feature. They are recursive, meaning that the unknown parameters 
must be adjusted in an iterative way, with little advance knowledge of the number of 
iterations that will be required for convergence, or if it will converge at all. The lone 
exception is the simplex method, which always converges. It is also an efficient 
method that can be adapted to solve almost any linear optimization problem. 
9.2 Estimation Procedure using MATLAB 
In chapter 6 the relationship between velocity, density and the elastic 
properties E1, v12 and v 21 was presented. It is listed here again. 
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(9.1) 
If we now define a least squares function F, based on Eqn. (9.1), as 
(9.2) 
we have a function which can be minimized. Requires inputs include the two 
experimental velocities c1 and c.z, density (p), and the elastic properties E1, E2. v12 
and v21 calculated by the laminate theory from chapter 6. From these starting 
values MATLAB's fmins function minimizes F by varying E1, E2. v12 and v21 until a 
solution is reached. 
The MA TLAB interface is very easy to use and a sample calculation is listed 
in Fig. 9.1. The function F in Fig. 9.1 will not look familiar unless we rewrite Eqn. 
(9.2) in a format suitable for the minimization routine. Let 
and 
x(1) = E1 
x(2) = Ez 
Substituting these values into Eqn. (9.2) we get 
F = [x(1)- K ( x(3) 1]2 + [x(2)- K ( x(3) 1]2 1 1.0E1 1J 2 1.0E1 1J (9.3) 
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which is the function F listed in Fig. 9.1 below. Notice that in order to maintain a 
balance between the variables while providing the routine with inputs of the same 
order of magnitude, it was necessary to multiply the Poisson ratio term by a 1 E11 
factor and then divide it out from the product after the minimization. Calculated 
values for K1 and K2 have also been inserted. 
Line 1 is the input of F, the function to be minimized. Line 3 is the input of 
the laminate code values for E1, v12 and v21. These values are the starting point for 
the minimization. Lines 2 and 4 are MATLAB's echo's of the inputs from lines 1 and 
3. On line 5 is the command to minimize F and 6 is the solution 
1. » f = '(x(1)- 87.77E9*x(3)/1 E11)"2 + (x(2)- 87.36E9*x(3)/1 E11)"2' 
2. f =(x(1)- 87.77E9*x(3)/1E11)"2 + (x(2)- 87.36E9*x(3)/1E11)"2 
3. )) X= [95.98E9,95.98E9,99.91 E9] 
4. x= 
1.0e+010 * 
9.5980 9.5980 9.9910 
5. ,, fmins(f,x) 
6. ans = 
1.0e+011 * 
0.9387 0.9343 1.0695 
Figure 9.1 A sample minimization using the fmins function in MATLAB 
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The procedure above completes the minimization of F but v12 and v 21 still 
need to be separated from x(3). It can be easily shown that the following relations 
are true and complete the elastic property estimation procedure. 
u = ~(1- x(J)) and u - E2 (1- x(J)) 12 E2 1.0E11 21 - E1 1.0E11 
In line 6 of Fig. 9.1 a weakness of the current algorithm is exposed. In this example, 
X(3) has been returned as 1.0695. Referring back to the definition of X(3) we find 
that a value of greater then one is impossible. Simplex does not understand this 
limit and tends to pull X(3) above one if the starting value of X(3) is too close to 1. 
For the work done here, X(3) was never input above a value of 0.95 (E11) and this 
worked well. 
Another point that needs to be addressed is a symmetry assumption used in 
the estimation procedure. Experimental velocities were measured from 0 to 90 
degrees only. The problem begins at 10 degrees. C1 is simple but C2, at 100 
degrees of rotation, is not available. C2 is available at 80 degrees however, if a 
symmetry assumption is allowed. This process was continued to 20 degrees and 70 
degrees, and 30 and 60 degrees, and so on. The results show improvements that 
are discussed below. 
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9.3 Results and Comparison with Mechanical Test Results and Theory 
In this section, the entire collection of data is presented for all six plates. A 
few differences in data collection need to be considered before making comparison. 
Experimental velocities were recorded from 0 to 90 degrees at 5 degree intervals 
and the theoretical results were (theoretically) continuous. The mechanical data 
however was limited by plate size to 6 angles from 0 to 45 degrees. Because of 
this, the following plots contain experimental data points beyond 45 degrees which 
are the reflected image of the first six points. All of the plates were symmetric about 
a 45 degree angle so this is a fair method of comparing the estimation results to 
experimental results The plots can be found it Figs. (9.2) through (9.7). They are 
well labeled and should not cause any confusion despite the large amount of 
information they contain. 
The first thing that jumps out of the plots is the consistent overestimation of 
Young's modulus at 32 out of 36 data points. Since the laminate code values are 
also too high at the same 32 data points it would be reasonable to assume that the 
stiffness values input into the computer program were too high. However, material 
characterization has proven the inputs to be appropriate estimates 
Large variations in the Poisson's ratio estimates are also obvious in many of the 
plots. Figs. 9.5, 9.6, and 9. 7 all have large variations present in the estimates. This 
is just a fact of life with composite materials. The experimental Young's moduli for 
these figures were a pleasant surprise. Each of the [0,+45,-45,90]s laminates 
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Figure 9.2 Elastic properties comparison plots for plate #1 
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Figure 9.6 Elastic properties comparison plots for plate #5 
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Figure 9.7 Elastic properties comparison plots for plate #6 
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showed the decrease in modulus at 22.5 degrees. It is also curious that the 
mechanical tests indicate decreases in the stiffness of the laminates around 22.5 
degrees and 67.5 degrees yet the velocity profiles do not show any significant 
trends. Since velocity is a function of Young's Modulus and Poisson's ratio, it was 
possible that corresponding decreases in v12. v21 could have compensated for 
decreased E1• The data does not support this idea. Currently, the only explanation 
for approximately constant quasi-isotropic velocity profiles is the random variations 
in the data. Experimental error and noise from other sources may be masking the 
changes. 
Another feature of the plots is visible when looking closely at the angles that 
were used together as the 1 and 2 directions in the minimization process. A good 
example of what is happening can be found in Figs. 8.1 and 9.2. For plate #1 in 
Fig. 8.1, at 20 degrees the measured experimental velocity is considerably higher 
than the laminate code prediction, but at 70 degrees the velocity is slightly below 
the 1aminate code prediction. In Fig. 9.2 this same relationship is present in the 
Young's modulus estimate. The estimated value at 20 degrees is slightly above the 
laminate code prediction while at 70 degrees Young's modulus is now below the 
laminate code prediction. The minimization process has lowered E1 where the 
velocity was lower and it has increased E1 where the velocity was higher than the 
laminate code value. This is the desired result. 
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The example also illustrates another feature of the calculation. As the least 
squares function is minimized, the Young's modulus variables slowly decrease in 
value. In fact, the larger the discrepancies in the two velocities, the more the values 
are decreased by the simplex method. In most cases where large differences in the 
velocities are present, Poisson's ratio is also adversely affected. For plate #4 (Fig. 
8.2 and 9.5) at 20 and 70 degrees again, there is a large difference between the two 
velocities, and E1 and v12 are greatly reduced. Future work should include a method 
to limit this drift in the solutions. 
An interesting relationship between E1, E2 and c1 and c.z can be derived as 
and in all cases the minimization has solved this relation to much less than a one 
percent error. Simplex has conformed to this relationship in all cases, but large 
velocity differences are a problem. Since these are the change we arE:t most 
interested in a better search routine may be needed. 
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CHAPTER 10. CONCLUSIONS 
10.1 Summary 
This thesis has described the fabrication and testing of composite samples 
for the purpose of solving the inverse problem for the elastic properties of thin 
plates immersed in a fluid. The solution method chosen was a least squares 
minimization which estimated the elastic properties using the relationship found in 
Eqn. 6.25. This equation relates the elastic properties and the Leaky Lamb wave 
velocity in a form which can be minimized when two perpendicular experimental 
velocities are available. Inputs used were experimental Lamb wave velocities, 
density arid elastic properties obtained from composite laminate theory. 
Results show that the current simplex routine can improve the accuracy of 
elastic properties obtained from laminate theory using experimental velocity 
measurements. Each estimation uses two sets of data which are perpendicular to 
each other. Young's modulus is increased for the direction with the highest leaky 
Lamb wave velocity while it is decreased in the other direction. This method 
considers only two angles of rotation at a time. A method which simultaneously 
considered all points relative to each other may provide better results. The result 
here were good but can be improved with further study. 
The current routine does introduce its own errors when differences between 
the two perpendicular velocity measurements become large. An examples has 
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been provided in section 9.3 and finding a method which limits the drift of variables 
has been suggested for continued work. 
A few curiosities were also found. The velocity does not appear to be 
sensitive to the small changes in elastic properties in the [0,+45,-45,90]8 laminates. 
Theory suggests that a decreases in E and an increase in v will reduce velocity. 
None was observed, but more study would be required to state that velocity is not 
affected as expected. The other interesting result found involves the very good 
accuracy with which the velocity was predicted. This is interesting because the 
· mechanically tested Young's modulus was consistently lower than the theoretical 
calculation. Poisson's ratio did not show a corresponding decrease which could 
compensate for the low Young's modulus values. The velocities should have been 
lower if we believe the relation derived. This result may point to the need for 
considering out-of-plane elastic properties. 
10.2 Future Work 
Other minimization techniques should be studied to find a method that does 
not slowly decrease the Young's modulus value when the input velocities are 
significantly different. Also, a method of relating all angles of rotation 
simultaneously would be helpful. 
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A study of the out of plane elastic properties should be made to test the 
validity of the in plane velocity relation in Eq. (6.25). The assumptions made here 
have been accepted for many years but improvements may also be possible. 
Experiments could also be done to study the affects of propagation distance 
in the plate. Some earlier work indicated that longer propagation paths may result 
in an averaged value of velocity for the entire length traveled. Long paths resulted 
in smoother velocity profiles that closely followed the laminate code prediction while 
short paths showed distinct changes over the same areas. 
The analysis could also be extended to less conventional stacking 
sequences and curved plates. Unsymmetrical laminates should prove interesting 
since any lamb waves traveling in the plate would be distorted by the uneven 
distribution of stiffness through thickness of the plate. Curved surfaces would also 
be interesting since most practical applications would not be perfectly flat. 
Plahs are also being made for publishing of this work in an appropriate 
: \ 
journal. A few possibilities have been identified but no firm decisions have been 
made. 
. I 
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APPENDIX A: DISPERSION RELATION SIMPLIFICATION AT LOW FREQUENCY 
The symmetric dispersion relation for a submerged orthotropic plate is 
(A1) 
If we take the limit of Eqn. (A1) as 
we can eliminate or simplify all terms in the equation. The following term goes to 
zero in the limit as ro~O. 
. The remalning terms 
(A2) 
·can be simplified. The ratio of tangents can be expanded by Taylor series and the 
limit taken. Since 
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Eqn. (A3) becomes 
(A3) 
Note: in the following derivation, C11 represents C11/p. The same is true for 
Recall that 
and 
Inserting the these equations into Eqn .. (A2) 
fp (fm +Rm)(C33fmRp +C13) 
fm = (fp +RpXc33fmRm +C13) 
Cross multiplication and simplification yield 
(A4) 
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From previous definitions 
and 
c2 - C11 - C55f~ 
Css +C13 
Rm RP c2 - C11 - C55f~ c2 - C11 - C55f; 
fm -~ = (Css +C13}f~ - (Css +C13}f; 
= (c2 - C11 )(t; -f~) 
(C55 + C13}f~f; 
Substituting Eqns. (AS) and (AS) into (A4) gives 
(AS) 
(AS) 
Putting back the density term, simplifying and solving for the wave speed 
(A7) 
Appendix B shows that for an orthotropic material 
(A8) 
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Substituting Eqn. (AS) into (A7) yields 
This is the relation used to relate Leaky Lamb wave velocity to the elastic 
properties of thin composite plates. 
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> APPENDIX B: ORTHOTROPIC STIFFNESS MATRIX DERIVATION 
THE FOLLO\VTNG IS A RECORDED MAPLE V SESSION 
ORTHOTROPIC COMPLIANCE MATRIX INPUT 
> with(linalg); 
Warning: new definition for norm 
Warning: new definition for trace 
[BlockDiagonal, GramSchmidt, JordanBlock, Wronskian, add, addcol, addrow, adj, adjoint, 
angle, augment, backsub, band, basis, bezout, blockmatrix, charmat, charpoly, col, co/dim, 
co/space, co/span, companion, concat, cond, copyinto, crossprod, curl, definite, delcols, 
de/rows, det, diag, diverge, dotprod, eigenvals, eigenvects, entermatrix, equal, exponential, 
extend, ffgausselim, fibonacci, frobenius, gausselim, gaussjord, genmatrix, grad, hadamard, 
hermite, hessian, hilbert, htranspose, ihermite, indexfunc, innerprod, intbasis, inverse, 
ismith, iszero,jacobian,jordan, kernel, laplacian, leastsqrs, linsolve, matrix, minor, 
minpoly, mulcol, mulrow, multiply, norm, normalize-, nul/space, orthog, permanent, pivot, 
potential, randmatrix, randvector, range, rank, ratform, row, rowdim, rowspace, rowspan, 
rref, scalarmul, singularvals, smith, stack, submatrix, subvector, sumbasis, swapcol, 
swaprow, sylvester, toeplitz, trace, transpose, vandermonde, vecpotent, vectdim, vector] 
> G12:=E1/(1 +nu21 ); 
> G31:=E3/(1+nu13); 
> G23:=E2/(1+nu32); 
El 012 
:= 1 + nu21 
E3 
G31 := 1 +nul3 
E2 023 
:= 1 + nu32 
> m :=matrix(6,6,[1/E1 ,-nu21/E2,-nu31/E3,0,0,0,-nu12/E1, 1/E2,;.nu32/E3,0,0,0,-nu13/E 
> 1,-nu23/E2, 1/E3,0,0,0,0,0,0, 1/G23,0,0,0,0,0,0, 1/G31 ,0,0,0,0,0,0, 1/G12)); 
n 
n 
n 
n 
n 
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1 nu21 nu31 0 0 0 - --EJ E2 E3 
nu12 1 nu32 0 0 0 --- - ---El E2 E3 
nu13 nu23 1 0 0 --- --- - 0 El E2 E3 
m:= 
0 0 0 1 +nu32 0 0 E2 
0 0 0 0 1 +nu13 0 E3 
0 0 0 0 0 1 +nu21 
El 
TAKING THE INVERSE OF THE STIFFNESS MATRIX TO GET THE 
STIFFNESS MATRIX 
> minv:=inverse(m); 
minv := 
-1+nu23nu32 El _ (nu21+nu23nu3l)El _ (nu21nu32+nu3J)El 0 0 0 %1 ' %1 ' %1 ' ' ' 
_ (nu12+nu13nu32)E2 (-1+nu13nu31)E2 _ nu32+nul2nu31 E2 0 0 0 %1 ' %1 ' %1 ' ' ' 
_ (nu12nu23+nu13)E3 _ (nu23+nu13nu2J)E3 (-1+nu12nu21)E3 0 0 0 %1 ' %1 ' %1 ' ' ' 
E2 0, 0' 0' 1 +nu32' 
0, 0, 0' 0, 
0' 0 ' 0' 0, 
0, 
E3 
1 +nu13' 
0' 
0 
0 
El.) 
1 +nu21 
%1 := -1 +nu23 nu32 +nu12 nu21 +nu12 nu23 nu31 +nu13 nu21 nu32 +nu13 nu31 
PULLING OUT THE INDIVIDUAL COEFFICIENTS 
> c11 :=minv[1, 1 ]; 
ell:= (-1 +nu23 nu32)El 
-1 +nu23 nu32 +nu12 nu21 + nu12 nu23 nu31 +nu13 nu21 nu32 +nu13 nu31 
> c13:=minv[1 ,3]; 
clJ ·= _ nu32 +nu31 El 
· -1 +nu23 nu32 +nu12 nu21 +nu12 nu23 nu31 +nu13 nu21 nu32 +nu13 nu31 
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> c33:=minv[3,3]; 
c33 := ( -1 + nu12 nu21) E3 
-1 + nu23 nu32 +nu12 nu21 + nu12 nu23 nu31 + nu13 nu21 nu32 + nu13 nu31 
PUTTING THE COEFFICIENTS rNTO THE VELOCITY RELATION 
> c2:=(c11/rho)-(c13A2)/(rho*c33); 
c2 := (-1 +nu23 nu32)El _ ( -1 +nu23 nu32 +nu12 nu21 +nu12 nu23 nu31 +nu13 nu21 nu32 +nu13 nu31) p 
(nu21 nu32 + nu31)2 EJ 2 /( 
( -1 + nu23 nu32 + nu12 nu21 + nu12 nu23 nu31 + nu13 nu21 nu32 + nu13 nu31) p 
( -1 + nu12 nu21) E3) 
> sc2:=simplify(c2); 
> 
sc2 :=- El ( -E3 + E3 nu12 nu21 + E3 nu23 nu32- E3 nu23 nu32 nu12 nu21 
+El nu21 2 nu322 + 2 El nu21 nu32 nu31 +El nu3I 2)/( 
( -1 + nu23 nu32 + nu12 nu21 + nu12 nu23 nu31 + nu13 nu21 nu32 + nu13 nu31) p 
(-1 +nu12 nu21)E3) 
MISCELLANEOUS SUBSTITUTIONS TO GET A SIMPLIFIED RESULT 
> a:=simplify(subs(E1 =(nu13/nu31 )*E3,sc2)); 
a:=- nu13 E3 (-nu31 +nu12 nu21 nu31 +nu23 nu32 nu31- nu23 nu32 nu12 nu21 nu31 
+ nu13 nu21 2 nu322 + 2 nu13 nu21 nu32 nu31 + nu13 nu3I 2) j(nu3J 2 
( -1 + nu23 nu32 + nu12 nu21 + nu12 nu23 nu31 + nu13 nu21 nu32 + nu13 nu31) p 
( -1 + nu12 nu21)) 
> b:=simplify(subs(E3=(nu31/nu13)*E1 ,a)); 
b :=- El ( -nu31 + nu12 nu21 nu31 + nu23 nu32 nu31- nu23 nu32 nu12 nu21 nu31 
+ nu13 nu21 2 nu322 + 2 nu13 nu21 nu32 nu31 + nu13 nu3I 2)/(nu31 
( -1 + nu23 nu32 + nu12 nu21 + nu12 nu23 nu31 + nu13 nu21 nu32 + nu13 nu31) p 
( -1 +nu12 nu21)) 
SUBSTITUTING IN THE INFINITE PLATE AND PLANAR WAVE 
ASSUMPTIONS SOLUTION FOR THE LEAKY LAMB WAVE VELOCITY 
> Lamb_Wave_Velocity_Squared:=simplify(subs(nu23=0,nu32=0,b)); 
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Lamb Wave Velocity Squared:=- ( ~l 
- - - -1 + nu 2 nu21 ) p 
SfMPLIFYING EACH INDIVIDUAL STIFFNESS COEFFICIENT 
> C11 :=simplify(subs(nu23=0,nu32=0,c11 )); 
Cll :=- EJ 
-1 +nu13 nu31 +nu12 nu21 
> C12:=simplify(subs(nu23=0,nu32=0,minv[1 ,2])); 
Cl2 := _ nu21 El 
-1 + nul3 nu31 + nu12 nu21 
> C13:=simplify(subs(nu23=0,nu32=0,c13)); 
CJ3 ·= _ nu31 EJ 
· -1 + nu13 nu31 + nu12 nu21 
> C21 :=simplify(subs(nu23=0,nu32=0,minv[2, 1 ])); 
C2l := _ nu12 E2 . 
-1 +nu13 nu31 +nu12 nu21 
> C22:=simplify(subs(nu23=0,nu32=0,minv[2,2])); 
C22 := ( -1 + nu13 nu31) E2 
-1 +nu13 nu31 +nu12 nu21 
> C23:=simplify(subs(nu23=0,nu32=0,minv[2,3])); 
C23 := _ nu12 nu31 E2 
-1 +nu13 nu31 +nu12 nu21 
> C31 :=simplify(subs(nu23=0,nu32=0,minv[3, 1])); 
C3J := _ nu13 E3 
-1 +nul3 nu31 +nu12 nu21 
> C32:=simplify(subs(nu23=0,nu32=0,minv[3,2])); 
nul3 nu21 E3 C32 
-1 + nu13 nu31 + nu12 nu21 
> C33:=simplify(subs(nu23=0,nu32=0,c33)); 
C33 ·= ( -1 +nu12 nu21)E3 
· -1 + nu13 nu31 + nu12 nu21 
> C44:=simplify(subs(nu23=0,nu32=0,minv[4,4])); 
C44:=E2 
> C55:=simplify(subs(nu23=0,nu32=0,minv[5,5])); 
E3 
CSS := 1 +nu13 
> C66:=simplify(subs(nu23=0,nu32=0,minv[6,6])); 
El 
C66 := I + nu21 
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ASSEl'vfBLED ORTHOTROPIC STIFFNESS MATRIX 
> K:=matrix{6,6,[C11 ,C12,C13,0,0,0,C21 ,C22,C23,0,0,0,C31 ,C32,C33,0,0,0,0,0,0,C44, 
> o,o,o,o,o,o,css,o,o,o,o,o,o,cssn; 
K:= 
El nu21 El nu31 EJ 0 0 0 %1 %1 %1 
nul2E2 ( -1 + nu13 nu31) E2 nu12 nu31 E2 0 0 0 %1 %1 %1 
nu13E3 nu13 nu21 E3 { -1 + nu12 nu21) E3 0 0 0 %1 %1 %1 
0 0 0 E2 0 0 
0 0 0 0 E3 0 l+nu13 
0 0 0 0 0 El 1 +nu21 
%1 := -1 +nu13 nu31 +nu12 nu21 
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APPENDIX C: COMPOSITE LAMINATE CODE LISTING IN FORTRAN 
UUUTHIS CODE DOES NOT ASSUME SYMETRIC CROSS SECTION UUUAU 
******THIS PROGRAM CALCULATE VELOCITY AS A FCT OF ANGLE """'"*"""" .... 
""""****"*""""""""""""""""""""****"*""""""""*****""*"**********"""*""'"""""""""""""""""""""""" 
program VELOCITY 
real t,a(3,3),theta,qb(3,3),ainv{3,3) 
real rho,nu12,e1 ,h,nu21,theta2,count2,c · 
double precision ain(40,40),aout(40,40),dd 
integer i,j,k,num,count 
character*40 title,junk 
rho=1620.0 
open(unit=40,file='speed.dat',status='unknown') 
""""""""""""""""""""""""""""""""""*"*****""""""**"""""""***""""""*********** 
do 999 count=0,90,5 
count2=real( count) 
open(unit=20,file='in' ,status=' old') ~,. 
read(20, '(a40)') title 
read(20,'(a40)') junk 
read{20, *) num 
read(20, '(a40)') junk 
read(20, *) t 
read{20,'(a40)') junk 
do 20 i=1,3 
do 20 j=1,3 
a{i,j)=O.O 
20 continue 
""""""""""""""""""""""""""""""""""""""""""""""""""""""***"""""""""" 
"""***kU/cU MAIN LOOP 1 UUUAUUAUUUUUUAUkUicUU 
do 100 i=1 ,num 
read(20,*) theta 
theta2=theta-count2 
call qmat(theta2,qb) 
do 50 j=1,3 
do 50 k=1,3 
a(j,k)=a(j,k)+qb(j,k) 
50 continue 
1 00 continue 
close(20) 
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UU:UUUU END OF MAIN LOOP ONE UUUUUUUUUAUUI< 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
do 150 i=1,3 
do 150j=1,3 
a(i,j)=a(i,j)*t 
ain(i,j)=dble( a(i,j)) 
150 continue 
> 
***** MATRIX INVERSION 1 ••••••••••••••••••••••••••••••••• 
175 
call GJINV(ain,aout~dd,3) 
do 175 i=1,3 
do 175 j=1,3 
ainv(i,j)=real(aout(i,j)) 
continue 
CALCULATION OF MATERIAL PROPERTIES 1**** 
h=t*real(num) 
nu12=(-1.0)*(ainv(1 ,2)/ainv(1, 1)) 
e1=(1.0)/(ainv(1, 1)*h) 
count2=real( count)+90. 0 
open(unit=20,file='in',status='old') 
read(20,'(a40)') title 
read(20,'(a40)') junk 
read(20, *) num 
read(20,'(a40)') junk 
read(20,*) t 
read(20,'(a40)') junk 
do 200 i=1,3 
do 200 j=1,3 
a(i,j)=O.O 
200 continue 
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AA f< AAAAA AAA A A AAA A A AAAA A AA.AAA A A A AA AA AAAA AA AAA A AAA A A A AAAA *A AAAAA * AAA A 
AUAAAAUiUA MAIN LOOP 2 AAAUAAAUUUUieAieAAAAAAAAAAAAAAAA 
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
do 300 i=1 ,num 
read(20, *) theta 
theta2=theta-count2 
call qmat(theta2,qb) 
do 250 j=1,3 
do 250 k=1,3 
a(j,k)=a(j,k)+qb(j,k) 
250 continue 
300 continue 
close(20) 
AAAAAAAA*AAAA*AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
UUAUUUA END OF MAIN LOOP 2 UUAUUAUUUUUUAUUA 
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
do 350 i=1,3 
do 350 j=1,3 
a(i,j)=a(i,j)*t 
ain(i,j)=dble(a(i,j)) 
350 continue 
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MATRIX INVERSION 2 AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
call GJINV(ain,aout,dd,3) 
do 375 i=1,3 
do 375 j=1,3 
ainv(i ,j)=real( aout(i,j)) 
375 continue 
CALCULATION OF MATERIAL PROPERTIES 2 
nu21 =(-1.0)*(ainv(1 ,2)/ainv(1, 1)) 
c=sqrt(1.0E9*e1/rho/(1-nu12*nu21))/1000.0 · 
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
AAAAAAA OUTPUT AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
************************************************************** 
write(40, *) count,e1 ,nu12,nu21 ,c 
999 continue 
close(40) 
stop 
end 
AAAAAAAAAAAAAAA 
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subroutine qmat(theta,qb) 
real qb(3,3),qt(3,3), t(3,3), tinv(3,3), theta 
real q(3,3) 
...... integer i,j 
q(1 '1)=181.8 
q(1 ,2)=2.897 
q(1,3)=0.0 
q(2, 1)=2.897 
q(2,2)=1 0.34 
q(2,3)=0.0 
q(3, 1)=0.0 
q(3,2)=0.0 
q(3,3)=7.17 
theta=theta*1. 7 45329e-2 
t(1, 1 )=(cos(theta))**2 
t(2,2)=t(1 '1) 
t(1 ,2)=(sin(theta))**2 
t(2, 1)=t(1 ,2) 
t(1 ,3)=sin(theta)*cos(theta) 
t(2,3)=-1.0*t(1 ,3) 
t(3,1)=-2.0*t(1 ,3) 
t(3,2)=2.0*t(1 ,3) 
t(3,3)=t(1 '1)-t(1 ,2) 
do 10 i=1,3 
do 10 j=1 ,3 
, tinv(i,j)=t(j,i) 
10 continue 
call matmult(tinv,q,qt,3,3,3) 
call niatmult( qt, t,qb,3,3,3) 
return 
end 
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* THIS IS THE SUBROUTINE matmult. IT MULTIPLIES TWO * 
*CONFORMABLE MATICIES (UP TO 40X40) AND RETURNS THE PRODUCT. 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
IT IS PART A) #3 OF PROBLEM 1A 
* 
REAL VARIABLES AND ARRAYS USED ARE: 
a(rowa,rowb)----THE A MATRIX 
b(rowb,colb)----THE B MATRIX 
c(rowa,colb)----A X B RESULT 
INTEGER VARIABLES ARE : 
* 
*· 
* 
* 
* 
* 
* 
i,j,k-----------COUNTER VARIABLES * 
* 
* 
* rowa------------THE NUMBER OF ROWS IN MATRIX A * 
* rowb------------THE NUMBER OF ROWS IN MATRIX B * 
* colb------------THE NUMBER OF COLUMNS IN MATRIX B * 
* * 
* * 
* PASSING ORDER IS "subroutine matmult(a,b,c,rowa,rowb,colb)"* 
* * 
* * 
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
subroutine matmult(a,b,c,rowa,rowb,colb) 
integer i,j,k,rowa,rowb,colb 
real a(rowa,rowb),b(rowb,colb),c(rowa,colb) 
** MULTIPLICATION ** 
do 30 i=1,rowa 
do 20 j=1 ,colb 
c(i,j)=O.O 
do 10 k=1 ,rowb 
c(i,j)=c(i,j)+a(i,k)*b(k,j) 
10 continue 
20 continue 
30 continue 
return 
end 
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AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
** 
** 
** 
** 
** 
** 
** 
** 
** 
** 
40 
** 
** 
** 
** 
** 
** 
** 
** 
** 
** 
** 
THIS IS THE SUBROUTINE GAUSSINV 
IT WAS TAKEN FROM "NUMERICAL METHODS" 
BY ROBERT W. HORNBECK 
MODIFICATIONS MADE 10-9-93 
BY DOUG VAN OTTERLOO 
DESCRIPTION 
THE FOLLOWING SUBROUTINE INVERTS THE·INPUT MATRIX USING 
THE GAUSS-JORDAN ELIMINATION METHOD. DIMENSION LIMITED TO 
BECAUSE Z MUST BE DIMENSIONED> (DIMEN+21) 
CALL GJINV(DPMAT,INVMAT,DPDET,DIMEN) 
WHERE: 
DPMAT----THE DOUBLE PRECISION MATRIX 
INVMAT-~-RETURNED AS THE INVERSE 
DIMEN----THE DIM x DIM DIMENSIONS OF MAT 
DPDET-----THE DETERMINANT OF THE MATRIX 
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
SUBROUTINE GJINV(DPMAT,INVMAT,DPDET,DIMEN) 
INTEGER DIMEN,I,L,M,K,J(62) 
REALDTNRM 
DOUBLE PRECISION DPMAT(40,40),1NVMAT(40,40) 
DOUBLE PRECISION DD,PD,DPDET,CC,S 
CHARACTER*10 JUNK 
PD=1.0DO 
DO 124 L=1 ,DIMEN 
DD=O.ODO 
DO 123 K=1 ,DIMEN 
DD=DD+DPMA T(L, K)*DPMA T(L, K) 
123 CONTINUE 
DD=DSQRT(DD) 
PD=PD*DD 
125 J(L +20)=L 
124 CONTINUE 
DPDET=1.0DO 
DO 144 L=1,DIMEN 
CC=O.ODO 
M=L 
DO 135 K=L,DIMEN 
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IF ((DABS(CC)-DABS(DPMAT(L,K))).GE.O.ODO) GOTO 135 
126 M=K 
CC=DPMAT(L,K) 
135 CONTINUE 
127 IF (L.EQ.M) GOTO 138 
128 K=J(M+20) 
J(M+20)=J (L +20) 
J(L+20)=K 
DO 137 K=1 ,DIMEN 
S=DPMAT(K,L) 
DPMAT(K,L)=DPMAT(K,M) . 
DPMA T(K,M)=S 
137 CONTINUE 
138 DPMAT(L,L)=1.0DO 
DPDET=DPDET*CC 
DO 139 M=1,DIMEN 
DPMAT(L,M)=DPMA T(L,M)/CC 
139 CONTINUE 
DO 142 M=1,DIMEN 
IF(L.EQ.M) GOTO 142 
129 CC=DPMAT(M,L) 
IF(CC.EQ.O.ODO) GOTO 142 
. 130 DPMAT(M,L)=O.ODO 
DO 141 K=1,DIMEN 
DPMAT(M,K)=DPMAT(M,K)-CC*DPMAT(L,K) 
141 CONTINUE 
142 CONTINUE 
144 CONTINUE 
DO 143 L=1,DIMEN 
IF (J(L+20).EQ.L) GOTO 143 
131 M=L 
132 M=M+1 
IF(J(M+20).EQ.L) GOTO 133 
·136 IF(DIMEN.GT.M) GOTO 132 
133 J(M+20)=J(L+20) 
DO 163 K=1,DIMEN 
CC=DPMAT(L,K) 
DPMAT(L,K)=DPMAT(M,K) 
DPMAT(M,K)=CC 
163 CONTINUE 
J(L+20)=L 
143 CONTINUE 
DPDET=DABS(DPDET) 
DTNRM=REAL(DPDET/PD) 
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
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** TELL THE USER THE VALUE OF DTNRM ** 
** THE LARGER THE BETTER AUUUUUU 
**************************************** 
IF (DTNRM.L T.0.001) THEN 
WRITE(*,*) 
WRITE(*,*) 
WRITE(*,*) 
- WRITE(*,400) DTNRM 
400 FORMAT('THE ILL-CONDITIONING TEST GIVES A VALUE OF: ',F6.4) 
WRITE(*,*) 
WRITE(*,*) 'A VALUE BELOW 0.001 INDICATES A PROBLEM' 
WRITE(*,*) 
WRITE(*,*) 'HIT <ENTER> TO CONTINUE' 
READ(*,'(a1 0)') JUNK 
WRITE(*,*) 
WRITE(*,*) 
WRITE(*,*) 
END IF 
** COPY DPMAT TO INVMAT UUUAUUAUUUUUUUAUUUUUAUUAUA 
DO 500 1=1,DIMEN 
DO 500 K=1,DIMEN 
INVMAT(I,K)=DPMAT(I,K) 
500 CONTINUE 
RETURN 
END 
Multi-angle test run 
**#OF PLIES 
12 
** PLY THICKNESS (m) 
125.0e-6 
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SAMPLE INPUT FILE 
** PLY ORIENTATIONS (degrees) 
0.0 
90.0 
0.0 
90.0 
0.0 
90.0 
90.0 
0.0 
90.0 
0.0 
90.0 
0.0 
Angle E1 
0 95.809780 
5 88.314430 
10 72.078150 
15 56.23.77 40 
20 44~296190 
25 36.131610 
30 30.797 420 
35 27.489090 
40 25.687970 
45 25.116440 
50' 25.687970 
55 27.489090 
60 30.797420 
65 36.131610 
70 44.296190 
75 56.237750 
80 72.078160 
85 88.314430 
90 95.809770 
SAMPLE OUTPUT FILE 
n12 
5.204539E-02 
1.262056E-01 
2.868495E-01 
4.435767E•01 
5.617278E-01 
6.425092E-01 
6.952863E-01 
7.280196E-01 
7.458401 E-01 
7.514949E-01 
7 .458402E-01 
7.280196E-01 
6.952863E-01 
6.425093E-01 
5.617278E-01 
4.435767E-01 
2.868494E-01 
. 1.262056E-01 
5.204538E-02 
n21 
5.204538E-02 
1.262053E-01 
2.868489E-01 
4.435760E-01 
5.617272E-01 
6.425089E-01 
6.952860E-01 
7.280193E-01 
7.458397E-01 
7.514945E-01 
7.458397E-01 
7.280194E-01 
6.952863E-01 
6.425092E-01 
5.617277E-01 
4.435767E-01 
2.868497E-01 
1.262059E-01 
5.204539E-02 
velocity 
7.700810 
7.442945 
6.962894 
6.574061 
6.320493 
6.163107 
6.066414 
6.008686 
5.977939 
5.968281 
5.977939 
6.008685 
6.066416 
6.163109 
6.320494 
6.574063 
6.962895 
7.442946 
7.700809 
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APPENDIX D: VELOCITY PROFILE MEASUREMENT ACCURACY 
A series of tests was run to assess the accuracy and repeatability of the 
ultrasonic tests. The test consisted of measuring the leaky Lamb wave velocity 
profile of a single plate on three consecutive days. The procedure used was nearly 
identical to that used for the experimental data in the body of this text. The only 
difference was in the 3 day time period over which this test was conducted. The 
data acquisition presented in the text was dorie for all measurements in a ten hour 
time frame. 
Table 0.1 below lists the results. Only at 35 degrees was any significant 
variance found. All other angles were consistent to a standard deviation of less 
than one percent. The lone erratic point at 35 degrees is probably the result of 
human error which could also be a part of the experimental data in the text. From 
this data it was determined that the measurement accuracy and repeatability was 
good and that the results are a valid representation of the plates tested in this 
thesis. 
Rotation in Day#1 Day#2 Day#3 Average Std. Dev. % Std. 
Degrees mm/J.tsec mm/J.tsec mm/J.tsec mm/J.tsec mm/J.tsec Dev. 
0 7.5866 7.5416 7.5505 7.5596 0.0195 0.2576 
10 7.2571 7.1670 7.2324 7.2188 0.0380 0.5264 
20 6.4928 6.4271 6.5329 6.4843 0.0436 0.6725 
25 6.3883 6.2871 6.3458 6.3404 0.0415 0.6544 
35 5.8472 6.0361 6.0476 5.9770 0.0919 1.5378 
45 5.9681 5.9624 5.9457 5.9587 0.0095 0.1594 
Table 0.1 Accuracy of Ultrasonic Leaky Lamb Wave Velocity Measurements 
